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ABSTRACT 
 
In order to solve a problem efficiently, a structural learning of Boltzmann machine had 
been proposed and this method enables researcher to solve the problem defined in terms of 
mixed integer quadratic programming. From this proposed method, an effective selection 
of results was obtained. In this research, an analysis was performed by using the concepts 
of the reliability and risks of units evaluated using a variance-covariance matrix. In 
addition, the effect and expanses of replacement are also measured. Mean-variance 
analysis is formulated as a mathematical programming with two objectives to minimize the 
risk and maximize the expected return. Then, a Boltzmann machine was employed to solve 
the mean-variance analysis efficiently. Findings from this study show that the result of the 
structural learning of Boltzmann machine method was exemplified. For this reason, the 
effectiveness of the decision making process can be enhanced. 
 
Keywords: Mean-Variance Analysis, Two Layer Boltzmann Machine, Power System 
Investment Planning. 
 
 
INTRODUCTION 
 
A structural learning of Boltzmann machine is proposed as a method to enable 
researcher to solve problems defined in terms of mixed integer quadratic 
programming. The Boltzmann machine [3-4] is an interconnected neural network 
that is proposed by G. E. Hinton. The Boltzmann machine is a model that improves 
a Hopfield network using probability rule to update the state of a neuron and its 
energy function. So, the energy function of the Boltzmann machine hardly falls 
into a local minimum. 
 
Portfolio theory treats a mathematical allocation problem of a given amount of 
money among several different available investments such as stocks, bonds and 
stocks. H. Markowitz originally proposed and formulated the mean-variance 
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approach to the portfolio selection problem[1-2]. The concepts of a Boltzmann 
machine are applied to solve the portfolio selection problem efficiently. Therefore, 
if the objective function of a portfolio selection problem is transformed into an 
energy function of the Boltzmann machine, the portfolio selection problem is 
enabled to solve as its highly approximate solution. The output value of each unit 
represents the investing rate to each stock. In the conventional method to solve 
portfolio selections, the investing rate of each stock is decided to realize the 
minimum risk under the constraints that the goal rate of an expected return given 
by a decision maker should be guaranteed. 
 
In this paper, a portfolio selection problem is formulated as a mathematical 
programming with two objectives which are to minimize risk and to maximize the 
expected return. 
 
 
RESEARCH METHODOLOGY 
 
Mean-Variance Analysis 
 
As previously mentioned in the Introduction, mean-variance analysis is widely 
used in investment theory as proposed by H. Markowitz. In the formulation of 
mean-variance analysis, H. Markowitz started the discussion with the assumption 
that almost all decision makers have aversion to risk even if the return might be 
less. However, it is difficult to identify a utility function because each utility 
functions have a different utility structure. Therefore, H. Markowitz has 
formulated a mean-variance analysis as the following quadratic programming 
problem under the restriction that the expected return rate must be more than 
certain amount.  
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where R  denotes an acceptable least rate of the expected return, ij  a covariance 

between stock i  and stock j , i  an expected return rate of stock i , and ix  an 

investing rate to stock i .  
 
In Formulation 1, the optimal solution with the least risk is searched under the 
constraint that the expected return rate should be more than the value a decision-
maker arbitrarily gives. The investing rate to each of the stocks is decided for the 
solution with the least risk to the given expected return rate. Since the risk is 
estimated with fixed expected return rate thus, the decision-maker cannot be fully 
satisfied of this solution. Therefore, the following Formulation 2 is proper and 
reasonable than the Formulation 1.  

 
[Formulation 2]  
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Formulation 2 is a quadratic programming problem with two objective functions of 
an expected return rate and a degree of risk. 
 
 
Boltzmann Machine 
 
A Boltzmann machine is an interconnected neural network proposed by G. E. 
Hinton [3-4]. This model is based on a Hopfield network. The Boltzmann machine 
is a model that improves a Hopfield network by means of probability rules which 
are employed to update its state of the neuron and the energy function. If ( 1)iV t   

is an output value of neuron i  in next time 1t  , ( 1)iV t   is 1 according to the 

probability P  which is shown in the following. On the other hand, ( 1)iV t   is 0 

according to the probability1 P .  
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where ( )f   is a sigmoid function, ( )iu t  is the total of input values to neuron i  

shown in equation (10) and T  is a parameter which is called temperature of the 
network. 

1

( ) ( )i ij i i
j

u t w V t 


   (10) 

 
where ijw  is a weight between neuron i  and neuron j , i  is a threshold of neuron 

i . The energy function proposed by J. J. Hopfield is written in the following 
equation:  
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J. J. Hopfield has shown that this energy function simply decreases as the neural 
network progress [5-6]. There is possibility that this energy function converges to a 
local minimum. However in the case of the Boltzmann machine, the energy 
function can increase with minute probability. Therefore, the energy function 
hardly falls into a local minimum [7-9]. 
 
 
Boltzmann Approach to Mean Variance Analysis 
 
This section will discuss on how to solve a mean-variance analysis using a 
Boltzmann machine. The mean-variance model shown by Formulation 1 or 2 is 
transformed into energy function of the Boltzmann machine as follows. First, the 
objective function in equation (1) or (6) is transformed into energy function as 
shown in the following equation (12):  
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The next step is a condition that show the total of investment rates of all stocks is 1 
(Note that the investment rate of each stock is not less than 0). The condition can 
be expressed as follows:  
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And equation (13) can be rewritten as follows:  
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The equation (12) can be transformed into equation (15), equation (12) is rewritten 
as follows:  
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(15) 

Finally, the expected return was considered by using the equation of the expected 
return as in equation (2) or (5). Therefore, (2) or (5) were transformed into 
equation (16):  
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(16) 

where K  is a real number which is not less than 0.  
 
If value K  is set to a larger number, the expected return is evaluated much more 
than the risk. If 1.0K  , then the Boltzmann machine converges into a problem of 
minimizing its risk. When the energy function of the Boltzmann machine described 
in this section converges into the global minimum, the investing rate to stocks by 
the output value of each unit can be obtained.  
 
The algorithm of the Boltzmann machine is executed according to the Algorithm 1.  
 
 [Algorithm 1] 
 
Step 1: Give the initial value of all units optionally. 

Step 2: Choose a certain unit ( )i  out of all units at random. 

Step 3: Compute a total of the input ( )iu t  into the chosen unit (1 )i iN . 

Step 4: Add a sufficiently small value to the output value ( 1)iV t   of unit i  

according to the probability P  shown in equation (9). And subtract a 
sufficiently small value from the output value with probability1 P . 
But the output value isn’t varied in the case ( ) 0iu t  . 

Step 5: The output value of units j  except i  aren’t varied. 

Step 6: After iterating from Steps 2 to 5, compute the probability of each unit 
for all units. 

 
Two Layer Boltzmann Machine 
 
The two layer Boltzmann machine is a neural network model, which is proposed 
by J. Watada et al. [10]. This model deletes the units of lower layer, which are not 
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selected in the upper layer in its execution. Then, the lower layer is restructured 
using the selected units. Because of this feature, a two layer Boltzmann machine 
converges more efficiently than a conventional Boltzmann machine. This is an 
efficient method for solving a portfolio selection problem by transforming its 
objective function into the energy function since the Hopfield and Boltzmann 
machines converge at the minimum point of the energy function.  
 
The two layer Boltzmann machine mentioned above converted the objective 
function into the energy functions of the two components that are upper layer 
(Hopfield network) and the lower layer (Boltzmann machine) as described below: 
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where uK , lK  are weights of the expected return rate for each layer and iS  is the 

output value of the i th unit of the upper layer [11-13]. 
 
The algorithm of two layers Boltzmann machine is described as follows. 
 
[Algorithm 2]  
 
Step 1: Set each parameter to its initial value. 
Step 2: Input the values of uK  and lK . 

Step 3: Execute the upper layer. 
Step 4: If the output value of a unit in the upper layer is 1, add some amount of 

value to the corresponding unit in the lower layer. Execute the lower 
layer. 

Step 5: After executing the lower layer the constant number of times, decrease 
the temperature. 

Step 6: If the output value is sufficiently large, add a certain amount of value to 
the corresponding unit in the upper layer. 

Step 7: Iterate from Step 3 to Step 6 until the temperature reaches the 
restructuring temperature. 

Step 8: Restructure the lower layer using the selected units of the upper layer. 
Step 9: Execute the lower layer until reaching at the termination. 
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RESULTS AND DISCUSSION 
 
Data 
 
This explanatory example was employed to illustrate the power system investment 
planning problem. The maintenance cost consists of fifteen substations. In this 
analysis, the maintenance cost rate for five years are employed to analyze the 
expense investment over fifteen substations. 

 
 

Table 1: Result of simulation in investment rate for each substation 
 

Substation K=0.3 K=0.5 K=0.7 K=1.0 
Substation A - - - - 
Substation B - - - 0.0019 
Substation C 0.5165 0.4999 0.4669 0.4581 
Substation D - - - - 
Substation E - - - - 
Substation F - - - - 
Substation G 0.2174 0.2371 0.2593 0.2671 
Substation H - - - - 
Substation J - - 0.0092 0.0101 
Substation K - - - - 
Substation L 0.2661 0.2561 0.2401 0.2278 
Substation M - - - - 
Substation N - 0.0069 0.0123 0.0191 
Substation P - - - - 
Substation Q - - 0.0122 0.0159 

 
 

Table 2: Expected invest rate and risk 
 

K Investment Rate Risk 
0.3 4.8211 0.0499 
0.5 4.8999 0.0581 
0.7 4.9045 0.0601 
1.0 4.9143 0.0682 

 
 
Result 
 
From Table 1, in case where K = 0.3, Substation C should be invested by 51.7%, 
Substation G by 21.7% and Substation L by 26.6%. Other substations which are 
not included in the list of units after restructuration will not get any investment. In 
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case where K = 0.5, 0.7, and 1.0, it can be concluded that the number of selected 
substations in restructured list will increase if K is increase.  
 
The expected investment rate and risk were calculated as shows in Table 2 
indicating four different levels of risk aversion, values of K, and reflect decision 
maker different preference. When K is set to the large value, the solution was 
obtained with high investment rate and high risk.  
 
 
CONCLUSION 
 
A new proposal was presented to define an efficient method for investment of the 
maintenance cost based on mean-variance analysis. The proposed method is 
applied in concern with the portfolio method for investment. Using two layers 
Boltzmann machine for unit restructure, the basis for estimating the investment 
expense of maintenance was obtained.  In order to evaluate the proposed method, a 
case study is performed which generated quantitative predictions of the invest 
expenses to the timeout failure. Calculation of the cost rate associated with 
maintenance cost is becoming an important factor as the computation of the 
reliability measures themselves. The mean-variance analysis which employs 
portfolio method and two layers Boltzmann machine approach can effectively deal 
with these types of power system investment planning problems. The effectiveness 
of the two layers Boltzmann machine approach applied to mean–variance analysis 
that is based on the uncertainties in the alternatives. The selection of substations 
for investment based on the maintenance cost has been discussed. Based on the 
allocated budget of the maintenance cost, the change in investment rate and types 
of results obtained were discussed. The results also demonstrate that this proposal 
is effective for the decision making process and for this reason, the effectiveness of 
the decision making process can be enhanced. 
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